Abstract. We continue studying a parabolic flow of almost Kähler structures introduced by Streets and Tian which naturally extends Kähler-Ricci flow onto symplectic manifolds. In the system of primarily the symplectic form, almost complex structure, Chern torsion and Chern connection, we establish new formulas for the evolutions of canonical quantities, in particular those related to the Chern connection. Using this, we give an extended characterization of fixed points of the flow originally performed in [ST11] .
Introduction
In [ST11] Streets and Tian introduced a curvature flow to investigate the topology and geometry of symplectic manifolds. In this work, we continue their analysis with a focus on further understanding the flow and corresponding evolutions of canonical quantities by providing new formulations and perspectives.
We first recall the fundamentals of this particular flow. For a given symplectic manifold M 2n , ω , one can choose a compatible almost complex structure to form an almost Kähler manifold (M 2n , J, ω). The symplectic curvature flow is a coupled degenerate parabolic system given by 
In [ST11] , the authors demonstrate short time existence and characterize the long time existence obstruction in terms of the behavior of the Riemannian tensor (cf.
[ST11] Theorems 1.6, 1.10) and classify generalizations of fixed points in dim C M = 2 (cf. Corollary 9.5 of [ST11] ).
This work proceeds with an underlying theme of reexamining symplectic curvature flow primarily in terms of the Chern connection (Chern derivatives, curvature and torsion). We provide useful perspectives on identities in Kähler geometry, particularly along the flow, and showcase naturality and tractability of symplectic curvature flow while setting crucial groundwork for future pursuits. 1.1. Outline of paper and statement of main results. In §2, after pinning down conventions, we establish curvature identities relating Levi-Civita and Chern quantities. These all are independent of the flow and are generally useful for computations in almost Kähler geometry. In §3, we establish general variational formulas for curvature and torsion quantities. In §4, we explore variations of canonical objects along the flow. A key consequence of our Chern connection framework is a drastic simplification of Proposition 6.1 of [ST11] (reducing the J flow from 11 terms to 1): Since the Chern connection naturally ties together g and J, one may consider this demonstration of 'Chern control' (in contrast to control by the Riemannian curvature in Theorem 1.10 of [ST11] ) to be more natural. An application of Theorem B lies within the evolution computation of Chern scalar curvature.
Theorem C. Along symplectic curvature flow the Chern scalar curvature evolves by ∂ ∂t − ∆ ̺ = 4 |Rc − B| 2 + 2∆ |τ | 2 + 4g ip g jq (∇ j ∇ i B pq ) + 16g ap g re g bq g rc (∇ a ∇ r τ ebc ) τ pqr . (1.4)
The variations of τ and J along the flow play a key role in §5 regarding our rigidity result, where we build on Corollary 9.5 of [ST11] concerning the classification of static structures of the flow (cf. Proposition 5.1) by utilizing Sekigawa's formula.
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Background
Since an almost Kähler manifold (M, g, J) is almost Hermitian, we have that the presence of gcompatibility and a symplectic form ω, given respectively by (with local coordinate representation):
(2.1)
We adhere to the conventions of Gauduchon and Kobayashi-Nomizu ( [KN96] , [Gau97] pp.259 above (1.1.3)). In coordinates, resultant identities are:
Recall the following decomposition of elements of (T * M ) ⊗2 into two types:
We introduce the coordinate expression of the Nijenhuis tensor. In accordance with ([KN96] pp.123-124), set
Set N ijk N l ij g lk and note N is type (3, 0 + 0, 3), and so (2, 0 + 0, 2) in each pair of indices: (2.5)
This small fact is the crucial underpinning of many facts. One consequence is a characterization of the Chern connection for almost Kähler manifolds as the unique connection ∇ = ∂ + Υ such that
∇ ≡ 0, where τ ∇ denotes the torsion tensor of ∇, a section of Λ 2 ⊗ T M , and τ
1,1
∇ is the projection of the vector valued torsion two-form onto the space of (1, 1)-forms. The latter identity expressed in coordinates is
Denote the negative contorsion tensor of the Chern connection (the gap between Levi-Civita and Chern connections) by
we may identify N as a Levi-Civita derivative of ω, which yields a characterization of Θ:
Proof. We carefully compute
(2.8) Corollary 2.2. The torsion tensor is of type (3, 0 + 0, 3) and thus (2, 0 + 0, 2) in pairwise indices, so
The following contractions are type (1, 1):
Remark 2.4. This fact comes from Lemma 2.2 combined with (2.1), and represents all combinations of two Chern torsion tensors in (T * M ) ⊗2 .
The combination of Proposition 4.2 of [KN96] , Corollary 2.1 and Theorem 3.4 of [KN96] yield, roughly speaking, equivalence between DJ, N , Θ and τ . We phrase our work primarily in terms of τ .
Proposition 2.5. An almost Kähler manifold such that τ ∇ ≡ 0 is Kähler.
We close this discussion with some useful identities regarding the Chern torsion tensor.
Lemma 2.6. Any trace of τ , with respect to g, ω, or J, is zero. More precisely
Proof. This follows from type arguments via (2.1) and Corollary 2.2.
Lastly we state a crucial Bianchi type identity for torsion which will be key to many manipulations.
Proposition 2 of [Gau97] (AK). For an almost Kähler manifold
2.1. Identities of B terms. Using the preliminaries above, we record Chern expressions of the B terms featured in (1.2) from [ST11] , as they are prevalent throughout our work.
Lemma 2.7. We have that
Proof. We will first manipulate B 2 . In this case we have that
Next we manipulate B
1 , first generating the expression described above and then characterizing B.
2 B ij , which concludes the result.
Corollary 2.8. We have that
We lastly recall a result which demonstrates the convenient structure of B terms in dim C (M ) = 2.
Lemma 4.10 of [Dai16] . Suppose M 4 , J, ω is almost Kähler. There exists a local unitary frame such that
and furthermore in such coordinates
2.2. Chern curvature identities. Here we record some main identities concerning the Chern connection's associated curvature Ω ∇ and torsion τ ∇ .
Lemma 2.9. Let M 2n , g, J be almost Hermitian. Then
Aspects of the Riemann curvature tensor translate with some residual torsion terms. Define ChernRicci curvature (P), twisted Chern-Ricci curvature (S), and twisted Ricci curvature (Q, often referred to as Rc(ω)) by
, and finally, the Chern scalar curvature is
This differs from Riemannian scalar curvature R by a multiple of |τ | 2 (cf. Corollary 2.17).
2.3. Analogues of Riemannian symmetries. We compute parallel identities to the Riemannian case using the Chern curvature, keeping track of the torsion tensor quantities.
Lemma 2.10. We have that
ab ∇ e A p 1 ···pn q 1 ···qn , where herep i ,q j denotes the excision of these indices.
Theorem III.5.3 of [KN96] . The following identities hold.
(2.12) Corollary 2.11. By tracing through (2.12), following identities hold.
The next identity is another 'translation' of a Riemannian curvature symmetry to Chern curvature. This identity is crucial for computing remarkably clean identities curvature quantities.
Lemma 2.12. The following holds:
which implies the following symmetries of T :
(2.14)
Proof. Starting from Theorem III.5.3 of [KN96] we write out
We sum together each line. First we approach the higher order terms
Via Proposition 2 of [Gau97]
Thus all that remains is
Likewise for the quadratic τ terms we have that
We manipulate the following four terms using Proposition 2 of [Gau97] and relabelling.
We manipulate the remaining terms using Proposition 2 of [Gau97] and Corollary 2.2,
Summing these up and rearranging accordingly yields
Proposition 2 of [Gau97] which concludes the result.
2.4. Riemannian curvature conversion. We relate Riemannian curvature quantities to Chern connection counterparts.
Lemma 2.13. We have that
Proof. We compute, whittling down to connection coefficients
(2.8)
We manipulate two terms
Inserting this into our expression for Rm it follows that
(2.16) Lastly, lowering the last index by multiplication by g yields the result.
Corollary 2.14. By tracing through Lemma 2.13,
Proof. We manipulate 
Corollary 2.2
Note that for the second term we have that
Now we have that
ks . Now we compute out We first simplify the lower order terms.
Thus it follows that
Inserting this into (2.17) yields the result.
Corollary 2.16. We have that
Proof. Inserting the result of Lemma 2.15 into Corollary 2.14 yields
We perform one more manipulation to our lower order terms,
Proposition 2 of [Gau97] Inserting this in yields the result.
Corollary 2.17. We have that R =
Proof. Trace Corollary 2.16 and apply Corollary 2.8 to the last term.
Corollary 2.18. We have that
Proof. This follows by projecting Corollary 2.16 onto the (1, 1) part.
Lemma 2.19. We have that
Proof. With this identity for T above we also have that
We expand out each contracted version of T . First, we have that
Next we compute
Adding these together and applying Proposition 2 of [Gau97] yields
The result follows.
Lemma 2.20. We have that
Proof. First we manipulate P.
For the first T type term, we apply (2.13), the formula for T , and simplify.
For the second term, we have
.
Summing together these quantities, we note that the τ * 2 terms cancel out.
Corollary 2.21. We have that
Proof. Starting from Corollary 2.14, we compute the (2, 0 + 0, 2) projection:
Variation formulas
We now examine general variation formulas of canonical objects in the almost Kähler setting: the Chern scalar curvature and the norm squared of the Chern torsion. We note it is substantially easier to consider scalar quantities, as much of the cumbersome terms are removed via the orthogonality of types.
3.1. Torsion variation. Here we compute the variation of the torsion tensor and the resultant variation of the norm squared of the torsion.
Lemma 3.1. We have thaṫ
Proof. To determine this we compute the variation of N , the Nijenhuis tensor, using formula (2.4), and convert this to be in terms of the Chern connection
The highest order terms simply group up as
For the lower order terms we rearrange and label for easy combination
Using this labelling scheme, for each of the following we relabel indices and combine.
We further combine our remaining terms
We then combine these remaining three terms
combining yields the result.
While the variation of τ is not so clean, the formula for the variation of |τ | 2 is comparatively simple. We note the appearance below of precisely the form of the evolution of J along symplectic curvature flow featured in Proposition A, which hints to the naturality of such evolution. For (Row 1) we first simplify the terms hitting the quantities in parantheses.
Thus, for (Row 1):
(Row 1) = We manipulate the first term of this quantity further: Therefore we have that
For (Row 2) we compare the first and last term. Manipulating the last, we get that
Therefore,
p .
We argue that additionally the last term vanishes. To see this, we note that ω −1 is type (1, 1) . Comparatively, the remainder of this term is type (2, 0 + 0, 2). To see this observe that Thus (Row 2) = 0, which yields the first line of the (3.2). The second line follows by shifting the Chern derivative at the expense of a divergence term, then applying Corollary 2.2.
3.2. Scalar curvature variation. In this section we begin computing variations of curvature objects. Recall the evolution for the Riemannian scalar curvature is
where here ∆ D is the Levi-Civita rough Laplacian, given in coordinates by
We convert the second and third terms of (3.4) to be in terms of the Chern connection.
Proposition 3.3. We have thaṫ
Proof. We convert each piece of (3.4). First,
Evolutions along symplectic curvature flow
Here we provide evolutions along symplectic curvature flow of key quantities. We simplify the evolution equation of J (Proposition A), and derive evolution equations for the norm of Chern torsion and scalar curvature (Theorem B, C).
4.1. Almost complex structure evolution. Recall that the J evolution along symplectic curvature flow is given in ([ST11] , in the proof of Lemma 9.2) by ∂J ∂t 
Raising by g −1 yields the desired result.
Thus, symplectic curvature flow can be written alternatively using the following evolution equations
Remark 4.1. Note H 1 mentioned in ([ST11], (6.4)) vanishes identically. Compared to [ST11] there is a conventional factor of 2 difference from the definition of N (cf. [ST11] (2.1)).
4.2.
Chern norm squared evolution. We now approach the evolution of the Chern torsion norm squared. We begin with a lemma which gives an alternate form for a key term in the proof of Theorem B.
Lemma 4.2. We have that
Proof. Since we have removed all J, ω from this context, all contractions are in terms of g, so we may simplify our notation: matching indices denotes contraction by the metric. Noting that
we manipulate the first term.
The first term is in the desired form. We now manipulate the last curvature quantity,
We now expand out the commutator.
Adding these all together combining B type terms using (1.2) and simplifying yields
Now let's take a look at V 1,1 . Projecting Corollary 2.14 onto the (1, 1) part gives jk −τ dlj τ kdl − τ jdc τ kdc . The last term is a multiple of B 2 . Now we take a moment to observe that
(identify with start term) = − 
which yields the first result of Theorem B. We analyze the last term using reduced notation again (so contractions by g will be denoted by matching indices).
Let's consider
We manipulate the first term
= Ω dabe τ cab τ ecd Lemma 2.9 = Ω dabe τ acb τ ced .
Next we have that
Therefore updating (4.4) we have
We recall that, using (1.2),
Thus for dim C M = 2, via Lemma 4.10 of [Dai16] , we have
Incorporating these identities in, the second result of Theorem B for dim C M = 2 follows.
Proof of Corollary B. Referring to (4.2) for symplectic curvature flow in terms of Chern connection quantities, it is clear that one needs appropriate control of |∇τ | 2 , which follows naturally from a combination of the assumed control of Ω and the subsequent control of |τ | 2 combined with Theorem 7.10 of [ST11] . 4.3. Scalar curvature evolution. We now give the evolution of the corresponding Chern scalar curvature.
Proof of Theorem C. Using Corollary 2.17 we divide the variation into two pieces.
First we have that, considering the variation of g as a modified Ricci flow,
Combining with Theorem B we note the convenient combination of terms
Rigidity result
We now give an improvement of the following classification of static points of [ST11] .
Corollary 9.5 of [ST11] . A compact static structure M 4 , ω, J is Kähler-Einstein.
By static the authors mean a solution to symplectic curvature flow for which there exists a λ ∈ R such that
The first condition arises for solutions where one rescales by the metric, while the second is a natural assumption since one cannot scale almost complex structures. Static structures are expected smooth limit points of symplectic curvature flow. The method for proving Corollary 2.5 of [ST11] relies on Theorem 2 of [AAD02] , which is highly dependent on the dimensional and compactness assumptions. In certain cases we will extend this with a straightforward strategy which removes the compactness assumption.
Proposition 5.1. Suppose M 4 , ω, J is a complete almost Kähler manifold which is a static structure in the sense of (5.1) for λ ≥ 0. Suppose further that there is some C 0 > 0 such that
Remark 5.2. While we cannot make a statement for static points with λ < 0, we improved on the result of [ST11] by upgrading 'compactness' assumption to 'completeness'. This requires breaking away from using the third Gray condition as in [ST11] and directly analyzing the evolution of the L 2 -norm of torsion. 
Sekigawa explicitly computed each term and from this derived an integral formula which he used to address the case of R ≥ 0 in the Goldberg Conjecture (stating 'A compact almost Kähler Einstein manifold is Kähler' in [Gol69] ). We state and utilize the pointwise version featured in [ADM01] .
Proposition 1 of [ADM01] . For any almost Kähler manifold (M, J, ω), While computationally nontrivial, the proof is a natural analysis of Bochner formulas. Note that the constants of the statement are modified to match with our conventions, in contrast to the constants of [ADM01] . To prove Proposition 5.1, we convert (5.3) into a more suitable format for our purposes. 
To prove Corollary 5.4, we need to take a moment to convert the necessary parts of the original formula.
Lemma 3.4 of [ST11] (AK). We have that ∆
Remark 5.5. We note that we can further manipulate the second term to obtain Therefore we have that
Lemma 5.6. We have that 
Lemma 2.7
Proof of Corollary 5.4. First, by tracing through Lemma 2.15 we have that
Lemma 5.6 deals with the first term on the right hand side of (5.3). For the second term we decompose by types using (5.4). For the second row of (5.3) we combine Lemma 5.6 and (5.4):
Thus it follows that the second row of (5.3) is equal to precisely
Rearranging and dividing through by a factor of 2 yields the result.
We next express a term in Corollary 5.4 using Chern quantities to prepare to prove Proposition 5.1.
Lemma 5.7. We have that
Proof. First observe that
Differentiating once more and contracting an index yields the result.
Proof of Proposition 5.1. Since we are working on a setting that is potentially noncompact but complete, we let η = η R be a cutoff function satisfying (5.5) supp η = B 2R , η ≡ 1 on B R , thus |∇η| ≤ C R . We will denote the weighted L 2 norm using our cuttoff function (to sufficiently high power) by
First we have that
Since (M, g t , J t ) is a static structure, it follows that Rc 2,0+0,2 ≡ 0, and P 2,0+0,2 ≡ 0 (cf. Lemma 9.2 of [ST11] 
We will examine the left hand side an alternate way. We have We observe that, updating our constant C at each step,
Lemmata 5.8, 5.9
We clarify the usage of Lemma 5.9: take a partition of unity {φ i } covering A R , and apply this lemma to each region designated by φ i . Taking the sum over the partition yields the desired estimate. Note by the assumed finiteness of ||Rm|| L 2 that lim R→∞ ||Rm|| L 2 (A R ) ≡ 0, thus this above quantity is essentially negligible. We observe that if dim C M = 2, then using (4.5) yields (5.8)
For the first term we compute out, using that ω is harmonic (thus Dω ≡ 0, * ω = 0), Next we compute A 22 , applying integration by parts followed by a Hölder's inequality 
(5.10),(5.2)
Lemma 5.8
Lastly we have, applying Hölder's inequality twice
Combining these various estimates together it follows that
L 2 ,φ . The result follows.
